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ON GAUSSIAN KERNELS ON HILBERT SPACES AND KERNELS ON
HYPERBOLIC SPACES
J. C. GUELLA
ABSTRACT. This paper describes the concepts of Universal/ Integrally Strictly Positive Defi-
nite/ C0-Universal for the Gaussian kernel on a Hilbert space. As a consequence we obtain a
similar characterization for an important family of kernels studied and developed by Schoenberg
and also on a family of spatial-time kernels popular on geostatistics, the Gneiting class, and its
generalizations. Either by using similar techniques, or by a direct consequence of the Gaussian
kernel on Hilbert spaces, we characterize the same concepts for a family of kernels defined on a
Hyperbolic space.
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1. INTRODUCTION
The concept of a complex valued positive definite kernel has been permeating Mathemat-
ics since the beginning of the 20th century, especially after the seminal work [2], which laid
down the connection between positive definite kernels and Reproducing Kernel Hilbert Spaces
(RKHS). In applications (especially in Machine Learning), one of the main desirable proper-
ties on a RKHS is if it can approximate a target (but usually unknown) function. In this sense,
the concepts of universality (ability to approximate continuous functions on compact sets) and
C0-universality (ability to approximate anyC0 function) are a basic requirement [8], [9].
Schoenberg in [25] proved a foundational result in metric geometry, by showing that a metric
space (X ,D) can be isometrically embedded into some Hilbert space if and only if the kernel
e−tD2(x,y) is positive definite for every t > 0. For instance, spheres and hyperbolic spaces are
not embedable, [17], [12], [14] . Later, this result was extended to a broader context, and it is
usually presented as an equivalent definition for when a kernel γ : X ×X → C is conditionally
negative definite, by replacing D2(x,y) with γ(x,y). One of the most important and widely
used positive definite kernels is the Gaussian kernel Gσ (x,y) = e
−σ‖x−y‖2 (σ > 0) defined on a
Euclidean space Rm, which is not only universal but in fact can approximate any differentiable
function and its derivatives of any order on any compact set simultaneously [27].
The major aim of this article is to prove that the Strictly Positive Definite/Universal/Integrally
Strictly Positive Definite/C0-Universal are properties that occur not only on the Gaussian kernel
but on a larger class among the Schoenberg kernels e−γ(x,y) (γ is conditionally negative definite),
being the characterization dependent on somewhat easily verifiable properties of the kernel γ .
These results are presented on Section 4 and are achieved as a corollary of the results on Sec-
tion 3, where we prove that the Gaussian kernel is Strictly Positive Definite/Universal/Integrally
Strictly Positive Definite/ C0-Universal on any Hilbert space, by using several versions of the
famous Stone-Weierstrass theorem, instead of the standard procedure by using the Fourier trans-
form and its properties.
The Gaussian kernel also served as a building block to generate positive definite kernels on
a product of spaces (also called spatio-temporal), being one of the most important examples
(especially on geostatistics) the Gneiting class [18], initially proposed as a kernel on Rm
′×Rm
and recently extended to X×Rm [21]. Although having its popularity, none qualitative property
of this family of kernels has been analyzed on the literature so far. On Section 5 we present
a natural generalization of [21] and provide sufficient conditions for when this generalized
family of kernels are Strictly Positive Definite/Universal/Integrally Strictly Positive Definite/
C0-Universal. The proofs are a consequence of the results on Section 3 together with analysis
of when the Schur/Hadamard product of continuous positive definite kernels is Strictly Posi-
tive Definite/Universal/Integrally Strictly Positive Definite/C0-Universal given that one of them
satisfies this property, presented on Subsection 7.3.
We conclude the article on Section 6, where the focus is on kernels on Hyperbolic spaces and
related types. A special family of positive definite kernels on hyperbolic spaces invariant by
the hyperbolic distance, which shares some similarities with completely monotone functions,
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are analyzed and the concepts of Strictly Positive Definite/Universal/Integrally Strictly Positive
Definite/ C0-Universal are fully characterized.
2. DEFINITIONS
A kernel K : X×X →C is called positive definite if for every finite quantity of distinct points
x1, . . . ,xn ∈ X and scalars c1, . . . ,cn ∈ C, we have that∫
X
∫
X
K(x,y)dλ (x)dλ(y) =
n
∑
µ,ν=1
cµcνK(xµ ,xν)≥ 0,
where λ = ∑nµ=1 cµ δxµ . In addition, if the above double sum is zero only when all scalars cµ
are zero, we say that the kernel is strictly positive definite (SPD). The set of measures on X
used before are denoted by the symbol Mδ (X).
The reproducing kernel Hilbert space (RKHS) of a positive definite kernel K : X×X → C is
the Hilbert space HK ⊂F (X ,C), and it satisfies 〈F,Ky〉HK = F(y), for every F : X →C that is
an element of HK and [Ky](x) := K(x,y), [30].
Recall that for a locally compact space X , the Banach space C0(X) is defined as the set of
continuous functions f : X → C such that for every ε > 0 there exists a compact set Cε for
which | f (x)|< ε for x ∈ X \Cε , with norm given by supx∈X | f (x)|.
Definition 2.1. Let X be a Hausdorff space and K : X ×X → C be a positive definite kernel.
We say that the kernel K is:
◦ Universal, if HK ⊂ C(X) and for every compact set C ⊂ X, every continuous function g :
C → C and every ε > 0 there exists f : X →C ∈HK for which
sup
x∈C
| f (x)−g(x)|< ε.
In addition, when X is a locally compact space, we say that the kernel K is:
◦ C0-universal, if HK ⊂C0(X) and for every continuous function g ∈C0(X) and every ε > 0
there exists f : X → C ∈HK for which
sup
x∈X
| f (x)−g(x)|< ε.
In other words, a kernel K : X ×X → C is universal if its RKHS are made of continuous
functions that when restricted to any compact set C ⊂ X are dense on the Banach space C(C ).
A kernel K : X×X →C isC0-universal if its RKHS are made ofC0(X) functions that are dense
on the Banach spaceC0(X).
On theC0 case we assume that X is locally compact in order to avoid pathological topologies.
In [6], it was presented the following criteria for HK to be a subset ofC(X) and C0(X):
Proposition 2.2. Let X be a Hausdorff space, K : X×X→C be a positive definite kernel. Then:
(i) HK ⊂C(X) if and only if the function x ∈ X → K(x,x) ∈ C is locally bounded and the
function x ∈ X → K(x,y) ∈C(X), for every y ∈ X .
(ii) HK ⊂C0(X) if and only if the function x∈ X →K(x,x)∈C is bounded and the function
x ∈ X → K(x,y) ∈C0(X), for every y ∈ X.
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Although the definition for a positive definite kernel being universal (C0−universal) is simple,
it is important to have a condition for these properties when we do not have the description
for the RKHS of a kernel. A direct consequence of [22], a kernel K : X ×X → C for which
HK ⊂C(X) is universal if and only if the only finite complex valued Radon measure of compact
support λ on X such that
(2.1)
∫
X
∫
X
K(x,y)dλ (x)dλ (y) = 0
is the zero measure. We emphasize that the double integral in Equation 2.1 is always a nonneg-
ative number because K is positive definite and HK ⊂C(X). In order to simplify the notation,
we denote by Mc(X) the set of finite complex valued Radon measures of compact support on a
Hausdorff set X .
Similarly, by [28] a kernel K : X×X →C for which HK ⊂C0(X) isC0−universal if and only
if the only finite complex valued Radon measure λ on X such that
(2.2)
∫
X
∫
X
K(x,y)dλ (x)dλ (y) = 0
is the zero measure. Again, we emphasize that the double integral in Equation 2.2 is always a
nonnegative number because K is positive definite and HK ⊂C0(X). We denote by M (X) the
set of finite complex valued Radon measures on a locally compact Hausdorff space X .
We recall that a finite Radon measure λ on a Hausdorff space X is a Borel measure for which
its total variation |λ | satisfy
(i) (Inner regular)|λ |(E) = sup{|λ |(K), K is compact ,K ⊂ E} for every Borel set E.
(ii) (Outer regular) |λ |(E) = inf{|λ |(U), U is open ,E ⊂U} for every Borel set E.
where the outer regularity holds for every measurable set (instead of the usual definition on
open sets) because the measure is finite. See section 7, especially Proposition 7.5 in [15] for
more details.
Sometimes, the inclusion HK ⊂C0(X) is difficult to verify, but the relation at Equation 2.2
is much simpler to analyze.
Definition 2.3. Let X be a locally compact Hausdorff space, we say that a bounded positive
definite kernel K : X × X → C for which HK ⊂ C(X) is integrally strictly positive definite
(ISPD) if the relation at Equation 2.2 is satisfied.
This definition is based on the one given in [29], and can be reinterpreted as HK being dense
on L1(|λ |,X) for every nonzero measure λ ∈M (X). For some specific type of complex valued
kernels, a good description of those who are ISPD were obtained in [7], [16], [29], especially
the kernels on Euclidean spaces invariant by translations (more generally on a locally compact
commutative group).
If the kernel K is real valued, it is sufficient to test the double integrals for real valued mea-
sures in M (X). The concepts of SPD/Universality/ C0-Universality/ISPD also exists on the
operator valued context [20], [5]. Since, we only use the matrix valued setting, we use the
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simpler definition that a matrix valued kernel K : X ×X → Mℓ(C) is PD/SPD/Universal/ C0-
Universal/ISPD if the scalar valued kernel L : (X×{1, . . . , ℓ})× (X×{1, . . . , ℓ})→C given by
L((x, i),(y, j)) = Ki, j(x,y) is PD/SPD/Universal/C0-Universal/ISPD.
3. GAUSSIAN KERNEL ON HILBERT SPACES
Throughout this Section H denotes a real Hilbert space.
Theorem 3.1. The Gaussian kernel Gσ : H ×H →R, given by
Gσ (x,y) = e
−σ‖x−y‖2
is SPD and universal for every σ > 0.
If H is infinite dimensional then it is not a locally compact space, so the concepts of C0-
universality and ISPD are not well defined for Gσ . However, we can analyse the kernel when
restricted to a locally compact space. A key argument to achieve such characterization is a
version of the Stone-Weierstrass Theorem for integrable functions proved on [13]. However,
on [13] it is an hypothesis that the elements on the algebra of functions are Baire measurable,
which is not clear to us if and how this hypothesis can be fulfilled. Being the main ingredient for
the proof the inner regularity on all measurable sets, and every finite Radon measure satisfies
this, we could still use the result on our setting. We prove this simple change of [13] at Section
7.6.
Theorem 3.2. Let X ⊂H be locally compact. The Gaussian kernel
(x,y) ∈ X×X →Gσ (x,y) = e−σ‖x−y‖2 ∈ R
is ISPD.
Next we present a characterization for when the kernel Gσ isC0(X)-universal. The following
structure result characterizes when the inclusion HK ⊂C0(X) is satisfied.
Lemma 3.3. Let X ⊂H be locally compact. The following conditions are equivalent
(i) There exists z0 ∈ X for which the function Gσ ,z0(x) = e−‖x−z0‖
2 ∈C0(X).
(ii) The function Gσ ,z(x) = e
−‖x−z‖2 is an element of C0(X) for every z ∈ X.
(iii) The inclusion HGσ ⊂C0(X) holds.
(iv) Every bounded and closed set on X is a compact set on X.
Next theorem is a consequence of Theorem 3.2, however, we present a different proof for it,
based on theC0 version of the Stone-Weierstrass Theorem.
Theorem 3.4. Let X ⊂H be locally compact. The Gaussian kernel
(x,y) ∈ X×X → Gσ (x,y) := e−‖x−y‖2 ∈ R
is C0(X)-universal if and only if HGσ ⊂C0(X).
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The results in this section could be proved on a more general setting. By [25] a continuous
function g : [0,∞)→R is such that the kernel
(x,y) ∈ Rm×Rm → g(‖x− y‖) ∈ R
is positive definite for everym∈N, if and only if f (t) := g(√t)∈C∞((0,∞))with (−1)n f (n)(t)≥
0 for every n ∈N (a function f with these properties is called completely monotone), or equiv-
alently that there exists a nonnegative measure λ ∈M ([0,∞)) for which
g(t) =
∫
[0,∞)
e−rt
2
dλ (r).
Replacing the Gaussian kernel by a function of this type on Theorems 3.1, 3.2 and 3.4 is pos-
sible, whenever g is not a constant function, or equivalently λ ((0,∞))> 0. Lemma 3.3 is also
possible whenever g is not a constant function and relation (iv) is replaced by
(iv)′ Every bounded and closed set on X is a compact set and limt→∞g(t) = 0.
The argument that this generalization is indeed possible is a direct consequence of Theorem
3.7 in [20], and we do not present it.
4. UNIVERSALITY OF SCHOENBERG-GAUSSIAN KERNELS
In [26] Schoenberg proved that a kernel γ : X×X →R is such that the kernel
(x,y) ∈ X×X → e−rγ(x,y) ∈ R
is positive definite for every r > 0 if and only if the kernel γ is conditionally negative definite,
that is, γ is symmetric (γ(x,y) = γ(y,x)) and for every finite quantity of distinct points x1, . . . ,xn
and scalars c1, . . . ,cn ∈ R, restricted to the hyperplane ∑nµ=1 cµ = 0, it satisfies
n
∑
µ,ν=1
cµcν γ(xµ ,xν)≤ 0.
Since [2] it is known the strong connection between positive definite kernels and inner products
on Hilbert spaces as well as conditionally negative definite kernels and norms on Hilbert spaces,
since γ : X×X → R can be written as (Proposition 3.2 in [3])
(4.3) γ(x,y) = ‖h(x)−h(y)‖2H + f (x)+ f (y)
where H is a real Hilbert space and h : X →H , and f : X → R. This description allows us to
understand the kernel e−γ(x,y) as a weighted version ( f may be nonzero) of a restriction of the
Gaussian kernel defined on an (usually) infinite dimensional space.
An important relation to our purposes is if the function h is injective (equivalently, if 2γ(x,y)>
γ(x,x)+γ(y,y) for every x,y∈ X ). On this case there is a natural metric structure on X provided
by the norm on H , being the distance
Dγ(x,y) :=
√
γ(x,y)− γ(x,x)
2
+
γ(y,y)
2
.
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Naturally, a conditionally negative definite kernel with this property is called metrizable. The
set X with the metric topology Dγ is denoted as Xγ .
Theorem 4.1. Let X be a Hausdorff space and γ : X ×X → R be a continuous conditionally
negative definite kernel. The kernel
(x,y) ∈ X×X →Gγ(x,y) := e−γ(x,y) ∈ R
is SPD (universal) if and only if the kernel γ is metrizable.
Theorem 4.2. Let X be a locally compact Hausdorff space and γ : X×X →R be a continuous
conditionally negative definite kernel that is metrizable and the function x ∈ X → γ(x,x) ∈ R is
bounded. Suppose either:
i) The topologies of X and Xγ are equivalent
ii) Xγ is a locally compact space and the function x ∈ Xγ → γ(x,x) is continuous.
Then the kernel
(x,y) ∈ Xγ ×Xγ → e−γ(x,y) ∈ R
is ISPD.
As an example of when the topologies of X and Xγ are equivalent, if g : [0,∞) → R is a
continuous function for which limt→∞g(t)∈ (0,∞)∪{∞}, g(0) = 0, g(t)∈ (0,∞) for t ∈ (0,∞)
and such that the radial kernel (x,y) ∈Rm×Rm → g(‖x−y‖) is conditionally negative definite,
then the metric generated from this kernel on Rm is equivalent to the Euclidean metric on Rm.
On the second possibility of Theorem 4.2, we assumed the continuity of the function because
there is no method to check the continuity of this function on the topology Xγ . We conclude
this section by presenting a characterization for when the kernel Gγ is C0(X)-universal. The
following structure result elucidates some aspects concerning the inclusion HK ⊂C0(X).
Lemma 4.3. Let X be a locally compact Hausdorff space and γ : X ×X → R be a continuous
negative definite metrizable kernel such that the function x ∈ X → γ(x,x) ∈ R is bounded.
(i) There exists z0 ∈ X for which the function Gγ ,z0(x) = e−γ(z0,x) is an element of C0(X) if
and only if HGγ ⊂C0(X).
(ii) If Xγ is locally compact, then HGγ ⊂ C0(Xγ) if and only if every bounded and closed
subset in Xγ is compact and the function x ∈ Xγ → γ(x,x) is continuous.
Theorem 4.4. Let X be a locally compact Hausdorff space and γ : X×X →R be a continuous
conditionally negative definite kernel for which the function x ∈ X → γ(x,x) is bounded. The
kernel
(x,y) ∈ X ×X → e−γ(x,y) ∈ R
is C0(X)-universal if and only if γ is metrizable and HGγ ⊂C0(X).
If γ is metrizable and Xγ is a locally compact space, then the kernel is C0(Xγ)-universal if and
only if HGγ ⊂C0(Xγ).
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5. GNEITING CLASS AND RELATED KERNELS
Based on the results of the previous Sections we are able to prove qualitative properties of
some important generalizations of the Gaussian (and related) kernel to a product of spaces.
Although we could use Theorems 3.2 and 4.2 to obtain conditions for the ISPD case, we avoid
such analysis in order to simplify the reading.
A popular example, especially on geostatistics, of such kernels is the Gneiting class [18],
initially proposed as the family of positive definite kernels
((u,x),(v,y))∈ (Rm′×Rm)2 → g(‖u− v‖2)−m/2ψ
( ‖x− y‖2
g(‖u− v‖2)
)
∈ R
where g,ψ : [0,∞)→ R are continuous and nonconstant functions, g is a positive function, ψ
is completely monotone and g is a Bernstein function. Several extensions and applications of
this type of kernel have been proposed and proved [24], [21]. We focus on a generalization that
encloses all of the above mentioned.
Let X be a Hausdorff space, γ :X×X → (0,∞) be a continuous conditionally negative definite
kernel and A : X×X → C be a continuous kernel. Suppose that the kernel
(u,v) ∈ X×X →C(u,v) := A(u,v)γ(u,v)m/2 ∈ R
is positive definite. Under this hypothesis we define the kernelGA,γ : (X×Rm)×(X×Rm)→C
as
GA,γ((u,x),(v,y)) := A(u,v)e
−‖x−y‖2/γ(u,v)
Theorem 5.1. The kernel GA,γ is positive definite and continuous. If γ is a metrizable kernel,
then GA,γ is SPD (universal) if and only if A(u,u)> 0 for every u ∈ X.
When X is a finite set (on which the kernel GA,γ can be understood as a matrix valued kernel
on Rm), it is possible to characterize when GA,γ is SPD/universal even if γ is not metrizable.
It is not clear if on the general setting of Theorem 5.1 the same approach is possible. As a
consequence that the functions fulfilling Bochner’s Theorem are uniquely representable, the
hypothesis that the kernel C is positive definite is in fact a necessary condition for GA,γ be
positive definite. Also, although we are not imposing that the kernel A is positive definite, it is
positive definite because the kernelC is positive definite and γ−m/2(u,v) as well by Lemma 7.9.
Theorem 5.2. The inclusion HGA,γ ⊂C0(X×Rm) occurs if and only if HA ⊂C0(X).
If Gtγ is ISPD for every t > 0 and the kernel C is bounded, then the kernel GA,γ is C0(X×Rm)-
universal if and only if HA ⊂C0(X) and A(u,u)> 0 for every u ∈ X.
When A(u,v) = γ(u,v)−m/2, more properties can be obtained. The kernel Gγ−m/2,γ is positive
definite and is SPD (universal) if and only if γ is a metrizable kernel by Theorem 5.1 (the
converse follows by a simple inspection of the interpolation matrix at the points (u,0),(v,0)).
Moreover, Hγ−m/2 ⊂C0(X) if and only if HGtγ ⊂C0(X) for some t > 0 (equivalently, for every
t > 0), so Gγ−m/2,γ is C0(X ×Rm)-universal if and only if γ is metrizable and HGγ ⊂ C0(X).
In particular, if X = Rm
′
and γ(u,v) = g(‖u− v‖2), where g : [0,∞)→ (0,∞) is a Bernstein
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function, then the kernel Gγ−m/2,γ is C0-universal if and only if the function g is unbounded. As
a matter of fact, a kernel among the initially proposed Gneiting class in [18] is C0-universal if
and only if the function g is unbounded and limt→∞ ψ(t) = 0.
Another important set of kernels on geostatistics is the Matern family
(x,y) ∈ Rm×Rm →M (‖x− y‖;α,ν) :=
∫
(0,∞)
e−‖x−y‖
2t
((
α2
4
)ν
t−1−ν
Γ(ν)
e−α
2/4t
)
dt
which are positive definite for every m ∈ N, M (0;α,ν) = 1 and also satisfies the equality
M (‖x‖;α,ν) = 21−ν(‖x‖α)νKν(‖x‖α)/Γ(ν), where Kν denotes the modified Bessel func-
tion of the second kind of order ν [11]. A matrix valued version of this family was pro-
posed in [19] and later was generalized in [4] as the family of matrix valued kernels C
M ,ψ
i, j :
(Rm
′×Rm)2 →Mℓ(C) given by
C
M ,ψ
i, j ((u,x),(v,y)) := ci, j
1
ψ(‖u− v‖2)m/2M
( ‖x− y‖
ψ(‖u− v‖2)1/2 ;αi, j,νi, j
)
,
where the function ψ : [0,∞)→ R is a positive Bernstein function, αi, j = ((α2i +α2j )/2)1/2,
νi, j = νi+ν j, αi,νi ∈ (0,∞) and the matrix[
ci, j
2−νiΓ(2νi)1/2
ανii
2−ν jΓ(2ν j)1/2
α
ν j
j
(αi+α j)
νi+ν j
Γ(νi+ν j)
]ℓ
i, j=1
is positive semidefinite.
Similar to the definition of GA,γ , let X be a Hausdorff space, γ : X ×X → (0,∞) be a con-
tinuous conditionally negative definite kernel and A : X ×X →Mℓ(C) be a continuous matrix
valued kernel. Suppose that the matrix valued kernel C : X×X →Mℓ(C) defined as
Ci, j(u,v) := Ai, j(u,v)γ
m/2(u,v)
2−νiΓ(2νi)1/2
ανii
2−ν jΓ(2ν j)1/2
α
ν j
j
(αi+α j)
νi+ν j
Γ(νi+ν j)
is positive definite. Under these hypothesis we define the kernelCA,γ : (X×Rm)2→Mℓ(C), by
C
A,γ
i, j ((u,x),(v,y)) := Ai, j(u,v)M
( ‖x− y‖
γ(u,v)1/2
;αi, j,νi, j
)
,
where αi, j = ((α
2
i +α
2
j )/2)
1/2, νi, j = νi+ν j, αi,νi ∈ (0,∞).
Theorem 5.3. The matrix valued kernel CA,γ is positive definite and continuous.
If γ is a metrizable kernel, then CA,γ is SPD (universal) if and only if Ai,i(u,u) > 0 for every
1≤ i≤ ℓ and u ∈ X and {(i, j), (αi,νi) = (α j,ν j)}= {(i, i), 1≤ i≤ ℓ}.
We point out that by the proof of Theorem 5.2, ifGtγ is ISPD for every t> 0 and infu∈X γ(u,u)>
0, then Gγ−m/2,γ is ISPD. Also, if Gγ−m/2,γ is ISPD then it is a bounded kernel, and the bounded-
ness is equivalent to infu∈X γ(u,u)> 0.
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Theorem 5.4. The inclusion HCA,γ ⊂C0(X×Rm,Cℓ) occurs if and only if HA ⊂C0(X ,Cℓ).
If Gγ−m/2,γ is ISPD and the matrix valued kernel C is bounded, then the matrix valued kernel
CA,γ is C0(X ×Rm,Cℓ)-universal if and only if HA ⊂ C0(X ,Cℓ) and Ai,i(u,u) > 0 for every
u ∈ X and 1≤ i≤ ℓ.
The definition of the matrix valued kernels CA,γ is inspired on the Gneiting class, which
turns out to be well defined only on Euclidean spaces of a bounded dimension. Being so, this
definition does not take advantage that the Matern family is positive definite on all Euclidean
spaces.
To surpass this problem, we define the matrix valued kernel MA,γ : (X×H )× (X ×H )→
Mℓ(C) as
[MA,γ((x,u),(y,v))]i, j := Ai, j(u,v)M (‖x− y‖;γ(u,v)1/2,νi+ν j)
where γ : X ×X → (0,∞) is a continuous conditionally negative definite kernel, A : X ×X →
Mℓ(C) is a continuous matrix valued kernel, νi > 0 for every i and under the restriction that the
matrix valued kernel C : X ×X →Mℓ(C) defined as
Ci, j(u,v) := Ai, j(u,v)
γ(u,v)νi+ν j
Γ(νi+ν j)
is positive definite.
Theorem 5.5. Let Z ⊂H be a locally compact space. The following properties holds.
(i) The matrix valued kernel MA,γ is positive definite and continuous.
(ii) If γ is a metrizable kernel, then [MA,γ ]
ℓ
i, j=1 is SPD (universal) if and only if the positive
numbers νi are distinct and Ai,i(u,u)> 0 for every 1≤ i≤ ℓ and u ∈ X.
(iii) The inclusion HMA,γ ⊂C0(X×Z,Cℓ) occurs if and only if HA ⊂C0(X ,Cℓ)
(iv) If Gtγ is ISPD for every t > 0 and the matrix valued kernel C is bounded, then the the
matrix valued kernel MA,γ is C0(X × Z,Cℓ)-universal if and only if HA ⊂ C0(X ,Cℓ)
and MA,γ is SPD.
6. KERNELS AND HYPERBOLIC SPACES
6.1. Isotropic kernels on real hyperbolic spaces. Let Hm := {(x, tx) ∈ Rm× (0,∞), t2x −
‖x‖2 = 1} be the m-dimensional real Hyperbolic space and consider the bilinear form
((x, tx),(y, ty)) ∈Hm×Hm → [(x, tx),(y, ty)] := txty−〈x,y〉 ∈ [1,∞),
which satisfies the relation
cosh(d((x, tx),(y, ty))) = [(x, tx),(y, ty)].
Where d is the geodesic distance in Hm. A kernel K : Hm×Hm → R is called isotropic if its
invariant by the group
O(m,1) := {A ∈Mm+1(R), [Ax,Ay] = [x,y] for every x,y ∈ Rm+1},
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that is, K(x,y) = K(Ax,Ay) for every x,y ∈ Hm and A ∈ O(m,1). Similar to isotropic kernels
on real spheres [10], if K is an isotropic kernel on Hm there exists functions f : [0,∞)→ R,
g : [1,∞)→ R for which
K(x,y) = f (d(x,y)) = g([x,y]), x,y ∈Hm.
At Section 8 of [12] (also page 174 of [3]), it is proved that if g : [1,∞)→ R is a continuous
function, the kernel
((x, tx),(y, ty)) ∈Hm×Hm → g([(x, tx),(y, ty)]) ∈ R
is positive definite for every m ∈ N if and only if the function s ∈ [0,∞)→ g(es) ∈ R is com-
pletely monotone, or equivalently that there exists a nonnegative finite measure λ ∈M ([0,∞))
for which
g(s) =
∫
[0,∞)
s−rdλ (r), s ∈ [1,∞).
In terms of the function f , the expression is
f (t) =
∫
[0,∞)
sech(t)rdλ (r).
In this subsection, we prove several qualitative properties for these kernels in a similar way as
Section 3. In this sense, a real hyperbolic space is a set H for which there exists a Hilbert space
H such that
H= {(x, tx) ∈H × (0,∞), t2x −‖x‖2 = 1}.
The bilinear form [·, ·] is defined analogously, and d(·, ·) = arccosh([·, ·]) defines a metric on H.
The following Theorem is a version of Theorem 3.1 to the hyperbolic setting.
Theorem 6.1. The kernel
(z,w) ∈H×H→ Hr(z,w) := [z,w]−r ∈ R
is SPD (universal) for every r > 0.
A similar structure result characterizes when the inclusion HHr ⊂C0(X) is satisfied.
Lemma 6.2. Let H be a hyperbolic space, X ⊂H be locally compact and r > 0. The following
conditions are equivalent
(i) There exists ξ0 ∈ X for which the function Hr,ξ0(z) = [z,ξ0]−r is an element of C0(X).
(ii) The function Hr,ξ (z) = [z,ξ ]
−r is an element of C0(X) for every ξ ∈ X.
(iii) The inclusion HHr ⊂C0(X) holds.
(iv) Every bounded and closed set on X is a compact set.
Similarly, a version of Theorem 3.2 and 3.3 to the hyperbolic setting also holds.
Theorem 6.3. Let X ⊂H a locally compact subspace. The kernel
(z,w) ∈ X×X → Hr(z,w) := [z,w]−r ∈ R
is ISPD for every r > 0 and it is C0-universal if and only if HHr ⊂C0(X).
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Similar to the comments made at the end of Section 3, if g : [1,∞) → R is a continuous
function for which the kernel
(x,y) ∈Hm×Hm → g([x,y]) ∈ R
is positive definite for every m ∈ N, replacing the kernel [·, ·]−r on Theorems 6.1,6.3 by the
kernel g([·, ·]) is possible, whenever g is not a constant function. Lemma 6.2 is also possible
whenever g is not a constant function and relation (iv) is replaced by
(iv)′ Every bounded and closed set on X is a compact set and lims→∞g(s) = 0.
The argument that this generalization is possible is also a direct consequence of Theorem 3.7 in
[20], and we do not present it.
6.2. Hyperbolic and log-conditional kernels. A kernel β : X ×X → R is called hyperbolic
if there exists a Hyperbolic space H and a function h : X → H for which β (x,y) = [h(x),h(y)].
At [23] it is proved that a kernel β is hyperbolic if and only if β (x,x) = 1 for all x ∈ X and the
kernel
(6.4) (x,y) ∈ X×X → β (x,z)β (y,z)−β (x,y) ∈ R
is positive definite for some z ∈ X (or equivalently, for every z ∈ X ).
For example, if γ : X×X →R is a conditionally negative definite kernel for which γ(x,x) = 0
for every x ∈ X , then the kernel β (x,y) := 1+ γ(x,y) is hyperbolic, being a possible argument
a verification that the kernel on Equation 6.4 is positive definite using the representation 4.3.
Also, the kernel
(x,y) ∈H ×H →
√
1+‖x‖2
√
1+‖y‖2−〈x,y〉 ∈ R
is hyperbolic on every Hilbert space H .
The relation between hyperbolic kernels and the functions s ∈ [1,∞)→ s−r ∈ R, r ∈ (0,∞),
is different from the relation between conditionally negative definite kernels and the functions
s ∈ [0,∞)→ e−sr ∈ R, r ∈ (0,∞).
If γ : X×X → R is conditionally negative definite, by Schoenberg the kernel e−rγ(x,y) is pos-
itive definite and the kernel rγ(x,y) is conditionally negative definite for every r > 0. However,
if β : X×X →R is a hyperbolic kernel, by Faraut and Harzallah the kernel β (x,y)−r is positive
definite for every r > 0, but the kernel β r(x,y) is (with certainty) hyperbolic only for 1≥ r > 0,
[23]. What occurs is that by β being hyperbolic, log(β (x,y)) is a conditionally negative definite
kernel, and by Schoenberg this property is equivalent to the kernel e−r log(β (x,y)) = β (x,y)−r
being positive definite for every r > 0. We say that a symmetric kernel L : X ×X → [1,∞)
is log-conditional if the kernel logL(x,y) is conditionally negative definite. Note that if L is
log-conditional then so is Lr for every r > 0.
Being so, a natural question is to analyse when the kernel L(x,y)−r is SPD/ universal/ ISPD/
C0-universal, in a similar way as Section 4. However, since
L(x,y)−r = e−r logL(x,y)
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such characterizations are a consequence of the results proved on Section 4. This also includes
the results from Subsection 6.1. For completion, we state these characterizations. Naturally, a
log-conditional kernel L is metrizable if logL is metrizable.
Theorem 6.4. Let X be a Hausdorff space and L :X×X→ [1,∞) be a continuous log-conditional
kernel. Then the kernel
(x,y) ∈ X×X → HL(x,y) := L(x,y)−1 ∈ R
is SPD (universal) if and only if the kernel L is metrizable.
Similar to Section 4, the set X with the metric induced by the conditionally negative definite
kernel logL(x,y) is being denoted by XlogL. If L is a metrizable hyperbolic kernel, the hyper-
bolic metric dH(x,y) := arccoshL(x,y) and the Hilbertian metric dH (x,y) :=
√
logL(x,y) are
equivalent because
dH =
√
logcoshdH, dH = arccosh(e
(dH )
2
)
and the functions
√
logcosht, arccosh(et
2
) are continuous on the the interval [0,∞).
Theorem 6.5. Let X be a locally compact Hausdorff space and L : X×X → [1,∞) be a contin-
uous log-conditional kernel that is metrizable and the function x ∈ X → L(x,x) ∈R is bounded.
Suppose either:
i) The topologies of X and XlogL are equivalent
ii) XlogL is a locally compact space and the function x ∈ XlogL → γ(x,x) is continuous.
Then the kernel
(x,y) ∈ XlogL×XlogL →HL(x,y) := L(x,y)−1 ∈ R
is ISPD.
Theorem 6.6. Let X be a locally compact Hausdorff space and L : X×X → [1,∞) be a contin-
uous log-conditional kernel. The kernel
(x,y) ∈ X×X → HL(x,y) := L(x,y)−1 ∈ R
is C0(X)-universal if and only if L is metrizable and HHL ⊂C0(X).
Further, there exists z0 ∈ X for which the function HL,z0(x) = L(x,z0)−1 is an element of C0(X)
if and only if HHL ⊂C0(X)
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7. PROOFS
7.1. Section 3. First, we state a few technical results that will be needed. If K : X×X →C is a
positive definite kernel and (ψi)i∈I is a complete orthonormal basis for HK , then it holds that
(7.5) K(x,y) = ∑
i∈I
ψi(x)ψi(y), x,y ∈ X .
Lemma 7.1. Let X be a compact Hausdorff space such that there exists a continuous condition-
ally negative definite metrizable kernel. Then X is homeomorphic to a compact metric space
and the RKHS of any continuous positive definite kernel on X is a separable space.
Proof. Indeed, if γ : X×X → R is a continuous metrizable kernel, the metric
Dγ(x,y) =
√
γ(x,y)− γ(x,x)/2− γ(y,y)/2
is well defined. The inclusion i : X → Xγ is a continuous function because the kernel Dγ is
continuous. Conversely, since X is compact and the topologies X and Xγ are Hausdorff, the
inclusion must be a homeomorphism, and we can assume that X is a compact metric space. In
particular, X is a separable space.
The conclusion that the RKHS of any continuous positive definite kernel on X must be separable
is a consequence that X is a separable space as proved in page 130 in [30]. 
Lemma 7.2. Let X be a locally compact Hausdorff space and λ be a nonzero measure in
M (X). Then there exists a sequence of nested compact sets (Cn)n∈N for which λ (A) = 0 for
every measurable set A⊂ X −⋃n∈NCn and ⋃n∈NCn = Supp(λ ).
In particular, if there exists a continuous conditionally negative definite metrizable kernel on X,
then the set Supp(λ ) is separable (induced topology) and the RKHS of any continuous positive
definite kernel on X is separable when restricted to Supp(λ ).
Proof. On the first part we may assume that the measure λ is nonnegative, because on the
general case we can apply the result for the measures appearing on its Hahn decomposition.
Due to inner regularity, there exists a sequence of nested compact sets Dn, for which 0< λ (Dn),
limn→∞ λ (Dn) = λ (X). Define
Cn := {x ∈Dn, every open set that contains x has positive measure}= Dn∩Supp(λ ).
ThenCn is compact, λ (Cn)= λ (Dn) and λ (
⋃
n∈NCn)= λ (X). In particular, if A⊂X−
⋃
n∈NCn
is a measurable set then λ (A) = 0. If x ∈ Supp(λ ), then every open set that contains x has
positive measure, in particular it must intersect
⋃
n∈NCn, because otherwise it would have zero
measure, and then x ∈ ⋃n∈NCn. The fact that ⋃n∈NCn ⊂ Supp(λ ) is a direct consequence of
its definition.
If there exists a continuous conditionally negative definite metrizable kernel on X , by Lemma
7.1 each set Cn is separable (induced topology), but then the set Supp(λ ) is also separable. The
conclusion that the RKHS of any continuous positive definite kernel on X must be separable
when restricted to Supp(λ ) is a consequence that Supp(λ ) is a separable space as proved in
page 130 in [30]. 
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Lemma 7.2 is the main reason why we do not need to impose that the Hilbert space H is
separable.
The next two Lemmas are used to simplify some arguments throughout the paper. A proof
for the first one can be found at [1] while the second is in [5].
Lemma 7.3. Let X be a Hausdorff space, K : X × X → R be a continuous positive definite
kernel and f : X → R be a continuous function that is nowhere zero. The kernel
(x,y) ∈ X×X → K f (x,y) = f (x)K(x,y) f (y) ∈ R
is universal if and only if the kernel K is universal. Further, if X is a locally compact space and
the functions f and 1/ f are bounded, then the kernel K f is ISPD if and only if the kernel K is
ISPD.
Lemma 7.4. Let X and X˜ be Hausdorff spaces, K˜ : X˜× X˜ →C be an universal positive definite
kernel and h : X → X˜ be a continuous function. The positive definite kernel
(x,y) ∈ X×X → K(x,y) := K˜(h(x),h(y)) ∈ C
is universal if and only if the function h is injective. Similarly, if X and X˜ are locally compact
Hausdorff spaces and the kernel K˜ is ISPD, then the kernel K is ISPD if and only if h is an
injective function.
The set ZN+ stand for the space of functions N→ Z+ and an element α on this space satisfies
|α| = n if ∑i∈Nα(i) = n. If x : N→ R, then xα := ∏n∈N xαii , where x0i is always understood as
been equal to 1.
Proof of Theorem 3.1. Note that it is sufficient to prove the case σ = 1/2 by Lemma 7.4. Since
G1/2(x,y) = e
−〈x,x〉/2e〈x,y〉e−〈y,y〉/2,
Lemma 7.3 implies that the kernel G1/2 is universal if and only if the kernel e
〈x,y〉 is universal.
Let λ ∈Mc(H ), Lemma 7.1 implies that the RKHS of the dot kernel 〈x,y〉 is separable when
restricted to the compact set X := Supp(λ ), that is, there exists a countable orthonormal set
(ei)i∈N, for which
〈x,y〉= ∑
i∈N
〈x,ei〉〈y,ei〉 := ∑
i∈N
xiyi, x,y ∈ X .
If 0 =
∫
X
∫
X e
〈x,y〉dλ (x)dλ (y), then since the dot kernel is bounded on X , by the Lebesgue
dominated convergence Theorem we obtain that
0=
∫
X
∫
X
e〈x,y〉dλ (x)dλ (y) = ∑
n∈Z+
1
n!
∫
X
∫
X
〈x,y〉ndλ (x)dλ (y).
Since
〈x,y〉n = ∑
|α|=n,α∈ZN+
n!
α!
xαyα
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where α!= ∏i∈Nαi!, we have that
0=
∫
X
∫
X
(∑
i∈N
xiyi)
ndλ (x)dλ (y) = ∑
|α|=n,α∈ZN+
n!
α!
∫
X
∫
X
xαyαdλ (x)dλ (y)
= ∑
|α|=n,α∈ZN+
n!
α!
∣∣∣∣∫
X
xαdλ (x)
∣∣∣∣2 ,
then
∫
X x
αdλ (x) = 0 for every α ∈ ZN+. The algebra of continuous functions
A := {x ∈ X → xα ∈ R, α ∈ ZN+}
separates points, because if x,y are not separated by the algebra A , then
2〈x,y〉= 2 ∑
i∈N
xiyi = ∑
i∈N
xixi+ yiyi = 〈x,x〉+ 〈y,y〉
which can only occur if x = y. Since the constant function equal to 1 belongs to the algebra
A , the Stone-Weierstrass Theorem implies that span{x ∈ X → xα ∈ R} is dense on C(X), and
consequently λ must be the zero measure, implying that the kernel G1/2 is universal. 
Proof of Theorem 3.2. The proof follows by similar arguments (also notation) as the one we
used at the proof of Theorem 3.1 and several applications of the Lebesgue Dominated conver-
gence Theorem. Again, it is sufficient to prove the case σ = 1/2 by Lemma 7.4. We focus
on the converse relation, which is equivalent at the only measure λ ∈M (X) (note that we are
using the Borel sigma algebra B(X)) such that
(7.6) 0=
∫
X
∫
X
e〈x,y〉e−〈x,x〉/2e−〈y,y〉/2dλ (x)dλ (y).
is the zero measure. Lemma 7.2 implies that the RKHS of the dot kernel 〈x,y〉 is separable
when restricted to the set Z := Supp(λ ), then there exists a countable orthonormal set (ei)i∈N
in H , for which
〈x,y〉= ∑
i∈N
〈x,ei〉〈y,ei〉 := ∑
i∈N
xiyi, x,y ∈ Z.
Note that |e〈x,y〉e−〈x,x〉/2e−〈y,y〉/2| ≤ 1 and
m
∑
n=0
∣∣∣∣ 1n!〈x,y〉ne−〈x,x〉/2e−〈y,y〉/2
∣∣∣∣
≤ e〈x,x〉/2e〈y,y〉/2
(
m
∑
n=0
1
n!
(〈x,x〉
2
+
〈y,y〉
2
)n)
≤ 1,
so Equation 7.6 is equivalent at
(7.7) 0=
∫
Z
∫
Z
〈x,y〉ne−〈x,x〉/2e−〈y,y〉/2dλ (x)dλ (y), n ∈ Z+.
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Since
〈x,y〉n = ∑
|α|=n,α∈ZN+
n!
α!
xαyα , x,y ∈ Z,
Equation 7.7 is equivalent at
(7.8) 0=
∫
Z
xαe−〈x,x〉/2dλ (x), α ∈ ZN+, |α|< ∞
because |〈x,y〉ne−〈x,x〉/2e−〈y,y〉/2| ≤ n!, also
2 ∑
|α|=n,α∈ZN+
n!
α!
∣∣∣xαyαe−〈x,x〉/2e−〈y,y〉/2∣∣∣
≤ e−〈y,y〉/2e−〈x,x〉/2 ∑
|α|=n,α∈ZN+
n!
α!
(x2α + y2α )
≤ e−〈y,y〉/2e−〈x,x〉/2(〈x,x〉n+ 〈y,y〉n)≤ 2n!,
and consequently
∫
Z
∫
Z
〈x,y〉ne−〈x,x〉/2e−〈y,y〉/2dλ (x)dλ (y) = ∑
|α|=n,α∈ZN+
n!
α!
∣∣∣∣∫
Z
xαe−〈x,x〉/2dλ (x)
∣∣∣∣2 .
◦ (Affirmation 1) We claim that
(7.9)
∫
X
xαe−r〈x,x〉/2dλ (x) = 0
for every α ∈ZN+ with |α| ≤∞ and r> 0. Indeed, Equation 7.8 implies that Equation 7.9 is valid
for r = 1/2, and we use an induction type of argument to prove for the general case. Suppose
that Equation 7.9 holds for a r′ > 0, we claim that it also holds for every r ∈ (0,2r′). Indeed,
for every β ∈ ZN+ ∫
X
xαx2β e−r
′〈x,x〉dλ (x) = 0.
By the Lebesgue dominated convergence Theorem
0= ∑
|β |=n,β∈ZN+
n!
β !
∫
X
xαxβ xβ e−r
′〈x,x〉dλ (x) =
∫
X
xα
 ∑
|β |=n,β∈ZN+
n!
β !
xβ xβ
e−r′〈x,x〉dλ (x)
=
∫
X
xα〈x,x〉ne−r′〈x,x〉dλ (x).
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In particular, by applying once again the Lebesgue dominated convergence Theorem, we obtain
that for every |s|< r′
0= ∑
n∈Z+
sn
n!
∫
X
xα〈x,x〉ne−r′〈x,x〉dλ (x) =
∫
X
xα
(
∑
n∈Z+
sn
n!
〈x,x〉n
)
e−r
′〈x,x〉dλ (x)
=
∫
X
xαe(s−r
′)〈x,x〉dλ (x),
and so our claim is true on the interval r ∈ (0,2r′) by choosing s= r− r′.
◦ (Affirmation 2) We claim that
(7.10) 0=
∫
Z
m
∏
µ=1
(
e〈x,zµ 〉e−〈x,x〉/2
)
dλ (x),
for whichever m ∈ N and z1, . . . ,zm ∈ Z (not necessarily distinct). Indeed, if z= z1+ . . .+ zm
∞
∑
n=0
1
n!
∫
Z
〈x,z〉ne−m〈x,x〉/2dλ (x) =
∫
Z
e〈x,z〉e−m〈x,x〉/2dλ (x) =
∫
Z
m
∏
µ=1
(
e〈x,zµ 〉e−〈x,x〉/2
)
dλ (x),
because |e〈x,z〉e−m〈x,x〉/2| ≤ e〈z,z〉/2e−(m−1)〈x,x〉/2 and
∞
∑
n=0
1
n!
∣∣∣〈x,z〉ne−m〈x,x〉/2∣∣∣
≤
∞
∑
n=0
1
n!
(〈x,x〉+ 〈z,z〉
2
)n
e−m〈x,x〉/2 ≤ e〈z,z〉/2e−(m−1)〈x,x〉/2.
Similarly,
∑
|α|=n,α∈ZN+
n!
α!
zα
∫
Z
xαe−m〈x,x〉/2dλ (x) =
∫
Z
〈x,z〉ne−m〈x,x〉/2dλ (x),
because |〈x,z〉ne−m〈x,x〉/2| ≤ 2−n(〈x,x〉+ 〈z,z〉)ne−m〈x,x〉/2 and
2 ∑
|α|=n,α∈ZN+
n!
α!
∣∣∣xαzαe−m〈x,x〉/2∣∣∣
≤ ∑
|α|=n,α∈ZN+
n!
α!
(x2α + z2α)e−m〈x,x〉/2 = 〈x,x〉n+ 〈z,z〉n)e−m〈x,x〉.
The conclusion follows from Affirmation (1). Now, consider the algebra of functions generated
by the set
A := span{x ∈ Z→ e〈x,z〉e−〈x,x〉/2 ∈ R, z ∈ Z}.
Equation 7.10 implies that for every h ∈A it holds that ∫Z h(x)dλ (x) = 0. Moreover:
(i) There exists h ∈A for which h(x)> 0 for every x ∈ Z.
(ii) If z1,z2 ∈ Z, B(z1,R1) and B(z2,R2) are two disjoint open balls of X , there exists h ∈A
for which h(x)> 0 on B(z1,R1)∩Z and h(x)< 0 on B(z2,R2)∩Z.
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For (i), take h as any of the functions x→ e〈x,z〉e−〈x,x〉/2. As for (ii), define
h(x) = e−〈z1,z1〉/2(e〈x,z1〉e−〈x,x〉/2)eR
2
1/2− e−〈z2,z2〉/2(e〈x,z2〉e−〈x,x〉/2)eR22/2
= e−‖x−z1‖
2/2+R21/2− e−‖x−z2‖2/2+R22/2.
Theorem 7.10 implies that A is dense on L1(Z, |λ |). If P+,N− is a Hahn decomposition for the
measure λ , the continuous linear functional
h ∈ L1(Z, |λ |)→
∫
Z
h(x)(χP+(x)−χN−(x))d|λ |(x) =
∫
Z
h(x)dλ (x) ∈ R
is zero on A , which can only happen if χP+ = χN− on L
∞(Z, |λ |), but then λ must be the zero
measure, which concludes the proof. 
Proof of the Lemma 3.3 . Suppose that (i) holds, then for every ε > 0 there exists a compact set
Cε for which e
−‖x−z0‖2 ≤ ε for every x∈ X \CM. By the monotone properties of the function e−t
this relation is equivalent at for everyM > 0 there exists a compact set CM for which ‖x−z0‖ ≥
M for every x ∈ X \CM . Relation (ii) follows by the inequality ‖x− z‖ ≥ |‖x− z0‖−‖z− z0‖|.
The converse is immediate
Relations (ii) and (iii) are equivalent by Proposition 2.2.
If (iv) holds, then for every z ∈ X and ε > 0, the set {x ∈ X , e−‖x−z‖2 ≤ ε} is bounded and
closed on X , so it must be compact by the hypothesis implying that the function Gσ ,z ∈C0(X).
The converse relation follows by the same argument as the first one presented, so we omit it. 
Proof of Theorem 3.4. It is sufficient to prove the case σ = 1/2 by Lemma 7.4. If the kernel is
C0-universal, by definition its necessary that HG1/2 ⊂C0(X). Conversely, if HG1/2 ⊂C0(X) we
only need to to prove that the kernel is ISPD (on the sigma algebra B(X) instead of B(Xγ) as
done in Theorem 3.2). We present a proof that does not involve Theorem 7.10, instead we use
theC0 version of the Stone-Weierstrass Theorem, which can be found at Section 4.7 at [15].
The arguments are the same as the one of Theorem 4.2 up to Equation 7.9 (we do not use
Affirmation 2). The algebra of continuous functions on X
A := {xαe−r〈x,x〉, r ∈ (0,∞), α ∈ ZN+, |α|< ∞} ⊂C0(X).
The function h(x) = e−〈x,x〉 ∈ A is such that h(x) > 0 for every x ∈ X , also, the algebra A
separates points because if xαe−〈x,x〉 = yαe−〈y,y〉 for every α ∈ ZN+, |α|< ∞, then we must have
that 〈x,x〉 = 〈x,y〉 = 〈y,y〉, which can only occur if x = y. As a direct consequence of the C0
version of the Stone-Weierstrass Theorem we obtain that λ must be the zero measure, proving
that the kernel G1/2 isC0(X)-universal. 
7.2. Section 4.
Proof of Theorem 4.1. Since γ is a conditionally negative definite kernel, by Equation 4.3 there
exists a Hilbert space H and functions h : X →H and f : X →R for which
γ(x,y) = f (x)+‖h(x)−h(y)‖2+ f (y)
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Note that that the functions f ,h are continuous because f (x) = γ(x,x)/2, and ‖h(x)−h(y)‖=√
γ(x,y)− f (x)− f (y).
If the kernel Gγ is universal, then the kernel Gγ is SPD by definition.
If the kernel Gγ is SPD the matrix [
e−γ(z,z) e−γ(z,w)
e−γ(w,z) e−γ(w,w)
]
is positive definite and its determinant is equal to e−γ(z,z)−γ(w,w)(1−eγ(z,z)+γ(w,w)−2γ(z,w)), which
is nonzero for every z 6= w if and only if γ is metrizable.
It only remains to prove that if γ is metrizable the kernel Gγ is universal. Since
Gγ(x,y) = e
− f (x)e−‖h(x)−h(y)‖
2
e− f (y),
Lemma 7.3 implies that the kernel Gγ is universal if and only if the kernel e
−‖h(x)−h(y)‖2 is
universal. The metrizability is equivalent to the injectivity of the function h, being so, the
kernel is universal by Proposition 7.4 and Theorem 3.1. 
Proof of Theorem 4.2. By Equation 4.3, we have that
γ(x,y) = f (x)+‖h(x)−h(y)‖2+ f (y)
and Dγ(x,y) = ‖h(x)−h(y)‖. In both cases, the sets X and Xγ are locally compact, as well as
{h(x), x ∈ X} ⊂ H , because this set is isometric with respect to Xγ . The functions f ,h are
continuous in both cases. Since
Gγ(x,y) = e
− f (x)e−‖h(x)−h(y)‖
2
e− f (y),
Lemma 7.3 implies that the kernel Gγ is ISPD if and only if the kernel e
−‖h(x)−h(y)‖2 is ISPD
(because e− f and e f are bounded functions). The metrizability is equivalent to the injectivity of
the function h, being so, the result is a consequence of Proposition 7.4 and Theorem 3.2. 
Proof of the Lemma 4.3. Indeed, by the hypothesis, for every ε > 0 there exists a compact set
Cε for which e
−γ(x,z0) ≤ ε for every x ∈ X \Cε . By the monotone properties of the function
e−t this relation is equivalent at for every M > 0 there exists a compact set CM for which
γ(x,z0)≥M for every x∈X \CM . Relation (i) follows by making use of the following inequality
γ(x,z)≥
(√
γ(x,z0)− γ(x,x)
2
− γ(z0,z0)
2
−Dγ(z0,z)
)2
+
γ(x,x)
2
+
γ(z,z)
2
,
which is a direct consequence of the triangle inequality of Xγ .
For the proof of (ii), the set {x∈ X , γ(x,z)≤M} is bounded and closed on Xγ for everyM> 0
and z ∈ X , because x∈ X → γ(x,x) is continuous and this function is bounded. In particular this
set is compact and this implies that Gγ ,z ∈C0(Xγ).
Conversely, if Gγ ,z ∈ C0(Xγ), then the function x ∈ Xγ → γ(x,z) is continuous and for every
M > 0 there exists a compact set CM for which γ(x,z)≥M for every x ∈ X \CM . In particular,
it holds that {x ∈ X , γ(x,z)≤M} ⊂ CM , which implies that every bounded and closed subset
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of the metric topology Xγ is a compact set. The function γ(x,x) is continuous because γ(x,z) =
D2γ(x,z)+ γ(x,x)/2+ γ(z,z). 
Proof of Theorem 4.4. If the kernel is C0(X)-universal then it is SPD, which by Theorem 4.1
the kernel γ must be metrizable. Also, HGγ ⊂C0(X) by definition.
Conversely, if HGγ ⊂C0(X), Gγ is C0-universal if and only if it is ISPD. Since
Gγ(x,y) = e
− f (x)e−‖h(x)−h(y)‖
2
e− f (y),
Lemma 7.3 implies that the kernel Gγ is ISPD if and only if the kernel e
−‖h(x)−h(y)‖2 is ISPD.
Let λ ∈M (X) for which ∫
X
∫
X
e−‖h(x)−h(y)‖
2
dλ (x)dλ (y) = 0.
It is not possible to apply Theorem 4.4 in order to conclude the proof, because it is not clear if
the set {h(x), x∈X}⊂H is a locally compact space. But, by Lemma 7.2, there exists (φi)i∈N
an orthonormal set of the RKHS of the continuous dot kernel (x,y) ∈ X×X → 〈h(x),h(y)〉 for
which
〈h(x),h(y)〉= ∑
i∈N
φi(x)φi(y), x,y ∈ Supp(λ ).
With this representation, a change of notation in the proof of Theorem 3.4 (xi to φi(x)) is suffi-
cient to prove our claim and we omit it.
As for the second part of the theorem, it can be proved using similar arguments as the first
part, with the addition of Theorem 4.2 (on this setting the set {h(x), x ∈ X} ⊂ H is locally
compact because is isometric with Xγ). 
7.3. Products of positive definite kernels. The Schur product Theorem asserts that if p,q :
X×X → C are positive definite kernels, then their product kernel
(x,y) ∈ X×X → (p⊙q)(x,y) := p(x,y)q(x,y)
is positive definite. This result is a direct consequence that the Hadamard Product of positive
definite kernels is positive definite, where if p : X×X → C, q : Z×Z→ C are positive definite
kernels, its Hadamard product is the kernel
((x,z),(y,w)) ∈ (X×Z)× (X×Z)→ (p⊗q)((x,z),(y,w)) := p(x,y)q(z,w)
In this section we prove some results concerning the relation between the Schur/Hadamard
product of kernels and the concepts of SPD/universality/ISPD. We also present a weighted
version of these results.
We emphasize that in this section we implicitly assume that the domain of the kernels is
a Hausdorff space on the SPD and universal settings, while it is a locally compact Hausdorff
space on the ISPD setting. We also assume that an ISPD kernel is bounded.
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Lemma 7.5. Let p,q : X ×X → C be continuous positive definite kernels. Suppose that the
kernel p is SPD/universal/ISPD, then the kernel p⊙q is SPD/universal/ISPD if and only if the
only measure λ ∈Mδ (X)/Mc(X)/M (X) (respectively) for which∫
A
∫
A
q(x,y)dλ (x)λ(y) = 0,
for every A ∈ B(X) is the zero measure. In particular, if q(x,x) > 0 for every x ∈ X, then the
kernel p⊙q is SPD/universal/ISPD.
Proof. The proof for the three cases are identical, so we only focus on the ISPD case. Let
λ ∈M (X) be such that
(7.11)
∫
X
∫
X
p(x,y)q(x,y)dλ (x)λ(y) = 0.
The continuous conditionally negative definite kernel
(x,y) ∈ X×X → p(x,x)− p(x,y)− p(y,x)+ p(y,y) ∈ R
is metrizable. Because of that, Lemma 7.2 implies that the kernel q can be written as q(x,y) =
∑k∈N qk(x)qk(y) for x,y ∈ Z := Supp(λ ), and then Equation 7.11 is equivalent to∫
Z
∫
Z
p(x,y)qk(x)qk(y)dλ (x)λ (y) = 0, k ∈ N
but the kernel p is ISPD, so the previous relation is equivalent to the measures qkdλ (note that
qkdλ belongs to the same space of measures as λ ) being zero for every k ∈N. Using once again
the series representation for q, all the measures qkdλ are zero if and only if
∑
k∈N
∣∣∣∣∫
A
qk(x)dλ (x)
∣∣∣∣2 = ∫
A
∫
A
q(x,y)dλ (x)λ (y) = 0, A ∈B(X),
which proves our claim. Now, suppose in addition that q(x,x)> 0 for every x ∈ X . In this case
by the continuity of the function q, for every z ∈ X there exists an open setUz that contains z for
which q(x,y)> 0 for every x,y ∈Uz. If X+,Re, X−,Re, X+,Im, X−,Im is a Hahn decomposition of
the set X by the measure λ , thenUz∩X+,Re ∈B(X) and∫
Uz∩X+,Re
∫
Uz∩X+,Re
q(x,y)dλ (x)λ(y) = 0.
But the integrand is a positive function and the measure λ is nonnegative on X+,Re∩Uz, which
implies that this double integral is zero if and only if the measure λ is the zero measure on
the set X+,Re∩Uz. Suppose by an absurd that the measure λ+,Re is nonzero and let C be an
arbitrary compact set on X . Then there exists a finite set z1, . . . ,zn ∈ X for which C ⊂
⋃n
k=1Uzk .
Note that
λ+,Re(C ) = λ+,Re(C ∩X+,Re)≤ λ+,Re((
n⋃
k=1
Uzk)∩X+,Re)≤
n
∑
k=1
λ+,Re(Uzk ∩X+,Re) = 0,
which is an absurd by the inner regularity of λ+,Re. 
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Now we focus on the Hadamard product. Before that we prove a measure theoretical Lemma
that will simplify the arguments.
Lemma 7.6. Let X ,Z be Hausdorff spaces and λ ∈Mδ (X×Z), Mc(X×Z), M (X×Z). If the
function φ : X×Z→ C is bounded and continuous then the function
A ∈B(X)→ λφ (A) :=
∫
X×Z
χA(x)φ(x,y)dλ (x,y) ∈ C
is a finite measure on Mδ (X), Mc(X), M (X).
Proof. We focus the arguments on the M (X×Z) case, being the others similar.
The fact that λφ is a measure is obtained by a direct application of the Lebesgue Dominated
convergence Theorem.
Note that λφ is the linear combination of 16 measures (for instance, χAφ
+,Redλ+,Re), so we can
assume that λ is a nonnegative measure and φ is a nonnegative function. In particular, if A⊂ B
then
|λφ (B)−λφ(A)|=
∫
X×Z
(χB(x)−χA(x))φ(x,y)dλ (x,y)
≤ sup(x,y)∈X×Z|φ(x,y)|(λ (B×Z)−λ (A×Z))
and we prove the outer and inner regularity of φλ by showing that the finite measure A ∈
B(X)→ λ (A×Z) is inner and outer regular.
◦(Inner regular) Let ε > 0 and E ∈ B(X). By the inner regularity of λ on the set E × Z
there exists a compact set C ⊂ E × Z for which λ (E × Z)− λ (C ) < ε . The compact set
C := pi1(C ) ⊂ X (projection on the first variable) is such that C ⊂ C×Z ⊂ E × Z, and then
λ (E×Z)−λ (C×Z) < ε .
◦ (Outer regular) Let ε > 0, E ∈B(X). By the inner regularity of λ there exists compact sets
C1 of X and C2 of Z for which λ (X×Z)−λ (C1×C2) < ε . By the outer regularity of λ there
exists an open set U that contains E ×C2 and λ (U)− λ (E×C ) < ε . For every x ∈ E there
exists an open set Ux on X that contains x for which Ux×C2 ⊂U , because the set {x}×C2 is
compact. Define the open set V =
⋃
x∈EUx of X and note that E×C2 ⊂V ×C2 ⊂U and
0≤ λ (V ×Z)−λ (E×Z)< 2ε +λ ((V ×Z)∩ (C1×C2))−λ ((E×Z)∩ (C1×C2))
< 2ε +λ ((V ∩C1)×C2)−λ ((E ∩C1)×C2)
< 4ε +λ (V ×C2)−λ (E×C2)< 5ε.

On the next Lemma we use an equivalent condition for a positive definite kernel K : X×X →
C to be SPD/Universal/ISPD, which occurs if and only if the only measure
λ ∈Mδ (X)/Mc(X)/M (X) for which∫
X
K(x,y)dλ (x) = 0, y ∈ X
is the zero measure [22], [28].
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Lemma 7.7. Let p : X × X → C and q : Z × Z → C be bounded positive definite continu-
ous kernels. Suppose that the kernel p is SPD/universal/ISPD, then a measure λ ∈ Mδ (X ×
Z)/Mc(X×Z)/M (X×Z) (respectively) satisfies∫
X×Z
∫
X×Z
p(x,y)q(u,v)dλ (x,u)dλ(y,v) = 0
if and only if ∫
Z
∫
Z
q(u,v)dλA(u)dλA(v) = 0,
for every A ∈B(X) where λA is the measure in Mδ (Z),Mc(Z),M (Z) (respectively) for which
B ∈B(Z)→ λA(B) := λ (A×B). In particular, the kernel p⊗q is SPD/universal/ISPD if and
only if the only the same occur with the kernels p,q.
Proof. The proof for the three cases are identical, so we only focus on the ISPD case. Let
λ ∈M (X×Z) be such that ∫
X×Z
p(x,y)q(u,v)dλ (x,u) = 0,
for every (y,v) ∈ X×Z. Since p is an ISPD kernel and the measure
A ∈B(X)→
∫
X×Z
χA(x)q(u,v)dλ (x,u) ∈ C
is an element of M (X) for every v ∈ Z by Lemma 7.6, then this measure is the zero measure
for every v ∈ Z. Note that the measure λA is an element of M (Z) (this is obtained from Lemma
7.6 by reversing the roles of X and Z and taking φ as the constant one function) and∫
Z
q(u,v)dλA(u) =
∫
X×Z
χA(x)q(u,v)dλ (x,u) = 0, v ∈ Z.
In particular, if q is an ISPD kernel, the measure λA must be zero for every A ∈B(X), which
implies that λ is the zero measure.
Conversely, if p⊗q is an ISPD kernel p and q must also be integrally positive definite because
{λ1×λ2, λ1 ∈M (X),λ2 ∈M (Z)} ⊂M (X×Z)
and Fubini-Tonelli Theorem. 
Lastly, we prove a result that elucidates when a weighted sum of positive definite kernels is
SPD/universal/ISPD.
Lemma 7.8. Let Ω be a Hausdorff space, η be a nonnegative σ -finite Radon measure on it and
a family of bounded positive definite kernels (pw)w∈Ω on X such that p : Ω× (X×X)→ C is
continuous. Suppose that the kernel
(x,y) ∈ X×X → P(x,y) :=
∫
Ω
pw(x,y)dη(w) ∈ C
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is well defined and continuous. Then, the kernel P is positive definite and a measure λ ∈
Mδ (X)/Mc(X) satisfy ∫
X
∫
X
P(x,y)dλ (x)dλ(y) = 0
if and only if ∫
X
∫
X
pw(x,y)dλ (x)dλ(y) = 0, w ∈ Supp(η).
If the kernel P is bounded and the function w ∈ Ω → supx∈X pw(x,x) ∈ R is locally bounded,
then the same relation occur for λ ∈M (X).
Proof. The fact that the kernel is positive definite is a consequence that each kernel pw is positive
definite.
Now, let λ ∈ Mc(X), since the function P is continuous it must be bounded on Supp(λ ). By
Fubini-Tonelli we can change the order of integration∫
X
∫
X
P(x,y)dλ (x)dλ(y) =
∫
Ω
[∫
X
∫
X
pw(x,y)dλ (x)dλ (y)
]
dη(w),
because 2|pw(x,y)| ≤ pw(x,x)+ pw(y,y) and then p ∈ L1(η×|λ |× |λ |). The result we aim is a
direct consequence that the function
w ∈ Ω → Pλ (w) :=
∫
X
∫
X
pw(x,y)dλ (x)dλ(y) ∈ R
is continuous and nonnegative. Indeed, it is nonnegative because the kernel pw is positive defi-
nite. For the continuity, since {w}×Supp(λ )×Supp(λ ) is a compact set and p is continuous,
for every ε > 0 there exists an open neighborhoodUw of w for which |pw(x,y)− pw′(x,y)|< ε
for all x,y ∈ Supp(λ ) and w′ ∈Uw. So |Pλ (w)−Pλ (w′)| ≤ ε(|λ |(X))2 which proves our claim.
If P is bounded, X is locally compact and the function w ∈ Ω → supx∈X pw(x,x) ∈ R is locally
bounded, similar arguments can be used by replacing Supp(λ ) by a compact set Cε for which
|λ |(X)−|λ |(Cε)< ε . 
7.4. Section 5. Recall the the formula
e−‖x‖
2/σ =
1
2mpim/2
σm/2
∫
Rm
e−ix·ξe−σ‖ξ‖
2/4dξ , x ∈ Rm.
Then
GA,γ((u,x),(v,y)) =
1
2mpim/2
A(u,v)γ(u,v)m/2
∫
Rm
e−i(x−y)·ξ e−γ(u,v)‖ξ‖
2/4dξ
=
1
2mpim/2
C(u,v)
∫
Rm
e−i(x−y)·ξ e−γ(u,v)‖ξ‖
2/4dξ
Proof of Theorem 5.1. The continuity of the kernel follows by its definition. It is positive defi-
nite because by the hypothesis, the kernel C is positive definite and since the kernel γ is condi-
tionally negative definite, the kernel e−i(x−y)·ξe−γ(u,v)‖ξ‖
2/4 is positive definite for every ξ ∈ R.
If the kernel GA,γ is universal then it is SPD by definition. If the kernel GA,γ is SPD, then for
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every u ∈ X we have that GA,γ((u,0),(u,0)) = A(u,u)> 0.
Now suppose that A(u,u)> 0 for every u ∈ X . A measure λ ∈Mc(X×Rm) is such that∫
X×Rm
∫
X×Rm
GA,γ((u,x),(v,y))dλ (u,x)dλ(v,y) = 0
if and only if
(7.12)
∫
X×Rm
∫
X×Rm
C(u,v)e−‖ξ‖
2γ(u,v)/4e−i(x−y)ξdλ (u,x)dλ(v,y) = 0, ξ ∈ Rm.
by Lemma 7.8. When ξ 6= 0, by the hypothesis on the kernel γ , Theorem 4.1 and Lemma 7.5
implies that the kernel
(u,v) ∈ X×X →C(u,v)e−‖ξ‖2γ(u,v)/4 ∈ C
is universal. By Lemma 7.7, we obtain that for every A ∈B(X) it holds that
0=
∫
Rm
∫
Rm
e−i(x−y)ξdλA(x)dλA(y) = |λ̂A(ξ )|2.
for every ξ ∈ Rm \ {0}. Since the only finite measure on M (Rm) that satisfies this relation is
the zero measure, we must have that λ (E×B) = 0 for every B ∈B(X) and E ∈B(Rm), which
implies that λ is the zero measure and that the kernel GA,γ is universal.

Proof of Theorem 5.2 . If HGA,γ ⊂ C0(X ×Rm), then by Proposition 2.2 for every u ∈ X and
x ∈ Rm, GA,γ((u,x)(u,x)) = A(u,u) is a bounded function and (GA,γ)(u,x) ∈ C0(X ×Rm), but
then Au = (GA,γ)(u,x)(·,x) belongs to C0(X). By using Proposition 2.2 once again we have that
HA ⊂C0(X).
Conversely, suppose that HA ⊂ C0(X) and that A is bounded by 1, then for every v ∈ X
and ε > 0 there exists a compact set C1,v ⊂ X for which |A(u,v)| < ε for u ∈ X \C1,v. Let
M = supz∈C1,v∪{v} γ(z,z), then e
−‖ξ‖2/γ(u,v) ≤ e−‖ξ‖2/M for every u ∈ C1,v and ξ ∈ Rm, so if
y ∈Rm and C2,y is a compact set for which e−‖x−y‖2/M < ε for every x ∈Rm \C2,y, the compact
set C := C1,v×C2,y is such that |GA,γ((u,x),(v,y))|< ε for every (u,x) ∈ X ×Rm \C , which
concludes the argument.
Now, we focus on the second relation. If GA,γ is C0(X ×Rm)-universal, then HGA,γ ⊂C0(X ×
Rm) by definition and by the first part of the theorem we must have that HA ⊂ C0(X). Also,
A(u,u)> 0 for every u ∈ X by Theorem 5.1.
Conversely, note that we only need to prove that the kernel GA,γ is ISPD. Since |GA,γ | ≤
supu∈X A(u,u)< ∞,
GA,γ((u,x),(v,y)) =
1
2mpim/2
∫
Rm
C(u,v)e−i(x−y)·ξe−γ(u,v)‖ξ‖
2/4dξ ,
andC is a bounded kernel, by Lemma 7.8 the kernelGA,γ is ISPD if and only if the only measure
λ ∈M (X×Rm) for which∫
X×Rm
∫
X×Rm
C(u,v)e−i(x−y)·ξe−γ(u,v)‖ξ‖
2/4dλ (u,x)dλ(v,y) = 0, ξ ∈ Rm
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is the zero measure. But, since Gtγ is ISPD for every t > 0, Lemma 7.7 together with the
hypothesis thatC(u,u)> 0 for every u ∈ X implies that
0=
∫
Rm
∫
Rm
e−i(x−y)·ξdλB(x)dλB(y) = |λ̂B(ξ )|, ξ ∈ Rm \{0}, B ∈B(X).
Similar to the proof of Theorem 5.1, since the only measure on M (Rm) that satisfies this rela-
tion is the zero measure, we must have that λ (E×B) = 0 for every B ∈B(X) and E ∈B(Rm),
which implies that λ is the zero measure and that the kernel GA,γ is ISPD. 
Next Lemma is focused on the analysis on the kernel γ(u,v)−1 on a broader context.
Lemma 7.9. Let γ : X×X → (0,∞) be a continuous conditionally negative definite kernel and
ν1, . . . ,νℓ ∈ (0,∞). Consider the matrix valued kernel
(u,v) ∈ X×X →
[
Γ(νi+ν j)
γ(u,v)νi+ν j
]ℓ
i, j=1
∈Mℓ(C)
(i) The matrix valued kernel is SPD if and only if
{(i, j,u,v),γ(u,v) = γ(u,u) = γ(v,v) and νi = ν j}= {(i, i,u,u),1≤ i≤ ℓ,u ∈ X}.
(ii) If the kernel γ is metrizable, then the matrix valued kernel is universal if and only if the
νi are distinct.
(iii) If Gtγ is ISPD for every t > 0, then the matrix valued kernel is ISPD if and only if the νi
are distinct and infu∈X γ(u,u)> 0.
Proof. Indeed, if the sets are not equal and (i, j,u,v) belongs to the left hand set but not to the
right hand set, then the interpolation matrix of the kernel at the points u,v (ℓ× ℓ matrix if u= v
and 2ℓ×2ℓmatrix if u 6= v) is not a positive definite matrix. Conversely, by the definition of the
gamma function
Γ(νi+ν j)
γ(u,v)νi+ν j
=
∫
(0,∞)
tνitν je−γ(u,v)tdt.
So, by Lemma 7.8 the kernel is SPD if and only if the only for every finite quantity of distinct
points u1, . . . ,um and scalars ci,µ ∈ R for which
ℓ
∑
i, j=1
m
∑
µ,η=1
ci,µc j,ηt
νitν je−γ(uµ ,uη )t , t ∈ (0,∞)
then all scalars ci,µ are equal to zero. By Equation 4.3, we can write γ(uµ ,uη) = f (uµ) +
‖h(uµ)− h(uη)‖2 + f (uη). Consider the equivalence class µ ≃ η if h(uµ) = h(uη), which
separates the set {1, . . . ,m} on a finite number of disjoint sets F1, . . . ,Fm′ , m′ ≤ m. Note that
0=
ℓ
∑
i, j=1
m
∑
µ,η=1
ci,µc j,ηt
νitν je−γ(uµ ,uηa)t =
ℓ
∑
i, j=1
m
∑
µ,η=1
ci,µc j,ηt
νie− f (uµ )ttν je− f (uη )te−‖h(uµ )−h(uη )‖
2t
=
m′
∑
a,b=1
(
ℓ
∑
i=1
∑
µ∈Fa
ci,µt
νie− f (uµ )t
)(
ℓ
∑
j=1
∑
η∈Fb
c j,η t
ν je− f (uη )t
)
e−‖h(xa)−h(xb)‖
2t
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where x1, . . . ,xm are class representatives. By Theorem 3.1 we have that
∑ℓi=1∑µ∈Fa ci,µt
νie− f (uµ )t = 0 for every t > 0 and 1 ≤ a ≤ m. Without loss of generalization
suppose that m′ = m and note that the pairs (νi, f (uµ)) are distinct by the hypothesis. If Z :=
{(νi, f (uµ))}, X1 := argmin{ f (uµ),1 ≤ µ ≤ m}, y1 := min{ f (µ),1 ≤ µ ≤ m} then the set of
numbers ν1 := {(ν,u), (ν,u) ∈ ({ν}×X1)∩Z} are such that
0=
ℓ
∑
i=1
m
∑
µ=1
ci,µt
νie−( f (µ)+x1)t = ∑
(ν,u)∈ν1
cν,ut
ν +
ℓ
∑
i=1
m
∑
µ=1|µ /∈X1
ci,µt
νie−( f (uµ )+y1)t .
The first sum is a function that either is zero or diverges in module as t → ∞, while the second
sum is a function that goes to zero as t goes to infinity, then we must have that each sum is the
zero function on (0,∞). But, the function ∑(ν,u)∈ν1 cν,utν being zero on (0,∞), either there are
two equal exponents ν , which does not occur by the hypothesis, or all coefficients are zero. By
an induction argument all coefficients ci,µ are zero and then the kernel is SPD.
As for relation (ii), since e−γ(u,v)t is an universal kernel for every t > 0, Lemma 7.8 and Lemma
7.7 implies that the matrix valued kernel is universal if and only if the only scalars c1, . . . ,cℓ ∈R
for which
ℓ
∑
i=1
cit
νi = 0, t ∈ (0,∞)
are all equal to zero. The result is then a consequence that the set of functions {tν1, . . . , tνℓ} are
linearly independent if and only if the exponents ν1, . . . ,νℓ are distinct.
Relation (iii) follows by similar arguments as relation (ii). The condition infu∈X γ(u,u)> 0 is
equivalent to the matrix valued kernel being bounded. 
Proof of Theorem 5.3. The continuity follows by the continuity of the functions involved. By
the integral representation of M (‖x− y‖;α,ν) and the proof of Theorem 1 in [4] we have that
C
M ,γ
i, j ((u,x),(v,y)) = Ai, j(u,v)
∫
(0,∞)
e−‖x−y‖
2t/γ(u,v)
((
α2i, j
4
)νi, j
t−1−νi, j
Γ(νi, j)
e
−α2i, j/4t
)
dt
=Ci, j(u,v)
1
γm/2(u,v)
∫
(0,∞)
e−‖x−y‖
2t/γ(u,v)mi, j(t)dt,
where mi, j(t) = mi(t)m j(t), mi(t) =
α
2νi
i
22νiΓ(2νi)1/2
t−νi−1/2e−α
2
i /8t . The positivity of the kernel
follows by this integral representation together with the hypothesis on the kernel C and the fact
that GA,γ is a positive definite kernel.
If the matrix valued kernel CA,γ is SPD (universal) then C
M ,γ
i,i ((0,u),(0,u)) = Ai,i(u,u)> 0 for
every 1≤ i≤ ℓ and u ∈ X . Also, if i 6= j is such that νi = ν j and αi = α j then the scalar valued
kernels C
M ,γ
i, j ,C
M ,γ
i,i ,C
M ,γ
j, j are all equal, which does not occur if C
A,γ is a matrix valued SPD
kernel.
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In order to prove the converse we analyse the matrix valued kernel
(7.13) ((u,x),(v,y))∈ (X×Rm)2→
[
1
γm/2(u,v)
∫
(0,∞)
e−‖x−y‖
2t/γ(u,v)mi, j(t)dt
]ℓ
i, j=1
∈Mℓ(C).
Theorem 5.1 implies that the kernel γ(u,v)−m/2e−‖x−y‖2t/γ(u,v) defined on X ×Rm is universal
for every t > 0. Lemma 7.8 and Lemma 7.7 implies that the matrix valued kernel on Equation
7.13 is SPD (universal) if and only if the matrix (which is independent from u0)[∫
(0,∞)
mi, j(t)dt
]ℓ
i, j=1
=
[
Ai, j(u0,u0)γ
m/2(u0,u0)
Ci, j(u0,u0)
]ℓ
i, j=1
=
[
ανii
2−νiΓ(2νi)1/2
α
ν j
j
2−ν jΓ(2ν j)1/2
Γ(νi+ν j)
(αi+α j)
νi+ν j
]ℓ
i, j=1
is positive definite, which is characterized on Lemma 7.9.
Lemma 7.5 implies that the kernel C
M ,γ
i, j is SPD (universal) when the kernel on equation 7.13
is SPD(universal) and Ci,i(u,u) > 0 (or equivalently, Ai,i(u,u) > 0) for every 1 ≤ i ≤ ℓ and
u ∈ X . 
Proof of Theorem 5.4. The fact that if HCA,γ ⊂C0(X×Rm,Cℓ) then HA⊂C0(X ,Cℓ) is similar
to the one presented at Theorem 5.2. Conversely, ifHA⊂C0(X ,Cℓ) and the kernel A is bounded
by 1, then for every v ∈ X and ε > 0 there exists a compact set Cv,ε for which |Ai, j(u,v)| < ε
for every u ∈ X \Cv,ε and 1≤ i, j ≤ ℓ. IfM := in fu∈Cv,ε∪{v}γ(u,u)1/2, then
|M (‖x− y‖/γ(u,v)1/2;αi, j,νi, j)| ≤M (‖x− y‖/M;αi, j,νi, j), u ∈ Cv,ε ,1≤ i, j ≤ ℓ.
The ℓ2 functions on the right hand side of previous equation are inC0(R
m), so for every y ∈Rm
there exists a compact set Cy,ε for which
|M (‖x− y‖/M;αi, j,νi, j)|< ε, x ∈ Rm \Cy,ε ,1≤ i, j ≤ ℓ,
and then
|CAγi, j ((u,x),(v,y))|< ε, (u,x) ∈ X×Rm \Cv,ε ×Cy,ε ,1≤ i, j ≤ ℓ.
Now, we focus on the second relation. IfCA,γ isC0(X×Rm,Cℓ)-universal, thenHCA,γ ⊂C0(X×
Rm,Cℓ) by definition and by the first part of the theorem we must have that HA ⊂C0(X ,Cℓ).
Also, Ai,i(u,u)> 0 for every u ∈ X and 1≤ i≤ ℓ by Theorem 5.1.
In order to prove the converse we analyse the matrix valued kernel
(7.14) ((u,x),(y,v))∈ (X×Rm)2→
[
1
γm/2(u,v)
∫
(0,∞)
e−‖x−y‖
2t/γ(u,v)mi, j(t)dt
]ℓ
i, j=1
∈Mℓ(C).
By the hypothesis and Lemma 7.4, the kernel γ(u,v)−m/2e−‖x−y‖
2t/γ(u,v) defined on X ×Rm is
ISPD for every t > 0 (‖x− y‖2t = ‖(√tx)− (√ty)‖2). Lemma 7.8 and Lemma 7.7 implies
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that the matrix valued kernel on Equation 7.14 is ISPD if and only if the matrix (which is
independent from u0)[∫
(0,∞)
mi, j(t)dt
]ℓ
i, j=1
=
[
Ai, j(u0,u0)γ
m/2(u0,u0)
Ci, j(u0,u0)
]ℓ
i, j=1
=
[
ανii
2−νiΓ(2νi)1/2
α
ν j
j
2−ν jΓ(2ν j)1/2
Γ(νi+ν j)
(αi+α j)
νi+ν j
]ℓ
i, j=1
is positive definite, which is characterized on Lemma 7.9. Lemma 7.5 implies that the kernel
C
M ,γ
i, j is ISPD when the kernel on Equation 7.14 is ISPD and Ci,i(u,u) > 0(or equivalently,
Ai,i(u,u)> 0) for every 1≤ i≤ ℓ and u ∈ X . 
Proof of Theorem 5.5. (i) The continuity follows by the continuity of the functions involved.
By the integral representation of M (‖x− y‖;r,ν), we have that
[MA,γ ]i, j((u,x),(v,y)) = Ai, j(u,v)
∫
(0,∞)
e−‖x−y‖
2t
((
γ(u,v)
4
)νi+ν j t−1−νi−ν j
Γ(νi+ν j)
e−γ(u,v)/4t
)
dt
=Ci, j(u,v)
∫
(0,∞)
e−‖x−y‖
2te−γ(u,v)/4t t−1(4t)−νi(4t)−ν jdt,
and the positivity of the kernel follows by this representation.
(ii) If Ai,i(u,u) is not a positive number for some u ∈ X and 1≤ i≤ ℓ or the numbers ν1, . . . ,νℓ
are not distinct, it is immediate that the kernel is not SPD.
Conversely, since Ci,i(u,u)> 0 for every 1≤ i ≤ ℓ and u ∈ X , by Lemma 7.5 in order to prove
that the kernel is SPD/universal is sufficient to prove that the kernel defined by the integral on
(0,∞) is SPD/universal.
The Gaussian kernel e−‖x−y‖2t and the Schoenberg kernel e−γ(u,v)/t are universal for every
t ∈ (0,∞), so by Lemma 7.8 and Lemma 7.7 the kernel defined by the integral on (0,∞) is
SPD/universal if and only if the only scalars c1, . . . ,cn ∈ R for which ∑ℓi=1 cit−νi = 0 for every
t > 0 are all equal to zero, which holds true because the numbers νi are distinct.
(iii) If HA ⊂C0(X ,Cℓ) and the kernel A is bounded by 1, then for every v ∈ X and ε > 0 there
exists a compact set Cv,ε for which |Ai, j(u,v)| < ε for every u ∈ X \Cv,ε and 1 ≤ i, j ≤ ℓ. If
M1 := infu∈Cv,ε∪{v} γ(u,u) andM2 := supu∈Cv,ε∪{v} γ(u,u), then
|M (‖x− y‖;γ(u,v)1/2,αi+α j)| ≤
(
M2
M1
)νi+ν j
M (‖x− y‖;M1,αi+α j),
for every u ∈ Cv,ε , 1≤ i, j ≤ ℓ. The ℓ2 functions on the right hand side of previous equation are
inC0(R
m), so for every y ∈ Rm there exists a compact set Cy,ε for which∣∣∣∣∣
(
M2
M1
)νi+ν j
M (‖x− y‖;M1,αi+α j)
∣∣∣∣∣< ε, x ∈ Cy,ε ,1≤ i, j ≤ ℓ,
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and then ∣∣[MA,γ ]i, j((u,x),(v,y))∣∣< ε, (u,x) ∈ X×Rm \Cv,ε ×Cy,ε ,1≤ i, j ≤ ℓ.
(iv) We focus on the proof of the converse relation. It iss sufficient to prove that the kernel is
ISPD by (iii). SinceCi,i(u,u)> 0 for every 1≤ i≤ ℓ and u∈ X , by Lemma 7.5 in order to prove
that the kernel is ISPD is sufficient to prove that the matrix valued kernel∫
(0,∞)
e−‖x−y‖
2te−γ(u,v)/4t t−1(4t)−νi(4t)−ν jdt,
is ISPD. The Gaussian kernel e−‖x−y‖
2t and the Schoenberg kernel e−γ(u,v)/4t are ISPD for
every t ∈ (0,∞), so by Lemma 7.8 and Lemma 7.7 the kernel defined by the integral on (0,∞) is
SPD/universal if and only if the only scalars c1, . . . ,cn ∈ R for which ∑ℓi=1 cit−νi = 0 for every
t > 0 are all equal to zero, which holds true because the numbers νi are distinct. 
7.5. Section 6. Even though the results in this section are a direct consequence of Section
4, as mentioned in Section 6.2, we present a direct proof for Theorem 6.3. We focus on the
hyperbolic spacesHm only to simplify the notation since several summations over multi-indexes
are needed.
(Partial) Proof of Theorem 6.3. First, note that the kernel is bounded and
[(x, tx),(y, ty)]
−r
Hm
= (txty−〈x,y〉)−r = (
√
1+‖x‖2
√
1+‖y‖2−〈x,y〉)−r
= (1+‖x‖2)−r/2
(
1−
〈
x√
1+‖x‖2 ,
y√
1+‖y‖2
〉)−r
(1+‖y‖2)−r/2.
Previous equation implies that (x, tx)∈Hm→ [(x, tx),(y, ty)]−rHm ∈R belongs toC0(Hm) for every
(y, ty) ∈Hm because
[(x, tx),(y, ty)]
−r
Hm
≤ (1+‖x‖2)−r/2
(
1− ‖x‖‖y‖√
1+‖x‖2
√
1+‖y‖2
)−r
(1+‖y‖2)−r/2,
Proposition 2.2 implies that H[·,·] ⊂C0(Hm). By the homeomorphism z = (x, tx) ∈ Hm → x ∈
Rm, the kernel isC0-universal if and only if the only measure λ ∈M (Rm) for which
(7.15)∫
Rm
∫
Rm
(1+‖x‖2)−r/2
(
1−
〈
x√
1+‖x‖2 ,
y√
1+‖y‖2
〉)−r
(1+‖y‖2)−r/2dλ (x)dλ (y) = 0
is the zero measure. Since |〈x/
√
1+‖x‖2,y/
√
1+‖y‖2〉|< 1 for every x,y∈Rm, by the Taylor
series of the hypergeometric functions s→ (1− s)−r, the following series is absolutely conver-
gent for every r ∈ R(
1−
〈
x√
1+‖x‖2 ,
y√
1+‖y‖2
〉)−r
=
∞
∑
k=0
(−r
k
)
(−1)k
〈
x√
1+‖x‖2 ,
y√
1+‖y‖2
〉k
,
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where
(
a
0
)
= 1,
(
a
1
)
= a and
(
a
k+1
)
=
(a−k)
k
(
a
k
)
, for every a ∈ R. So, if a finite measure λ ∈
M (Rm) is such that Equation 7.15 holds, then
∫
Rm
∫
Rm
(1+‖x‖2)−r/2
〈
x√
1+‖x‖2 ,
y√
1+‖y‖2
〉k
(1+‖y‖2)−r/2dλ (x) = 0
for every k ∈ Z+, and consequently
(7.16)
∫
Rm
xα(1+‖x‖2)−r/2−|α|/2dλ (x) = 0
for every α ∈ Zm+. We claim that
(7.17)
∫
Rm
xα(1+‖x‖2)−v−|α|/2dλ (x) = 0
for every α ∈ Zm+ and v> 0. To prove this relation we follow a similar path as the one we made
at Equation 7.9 on the proof of Theorem 3.2. We already know that it holds for every α ∈ Zm+
and v= r/2, our induction step is to prove that if it holds for every α ∈ Zm+ and a u> 0, then it
holds for every α ∈ Zm+ and v ∈ (0,2u). First, note that our induction hypothesis implies that
∫
Rm
xα(1+‖x‖2)−u−|α|/2
( ‖x‖2
1+‖x‖2
)k
dλ (x) = 0
for every α ∈ Zm+ and k ∈ Z+. By the Taylor series expansion of the hypergeometric function
s→ (1− s)v−u ∈ R, the following series is absolutely convergent for every x ∈ Rm
(1+‖x‖2)u−v =
(
1− ‖x‖
2
1+‖x‖2
)v−u
=
∞
∑
k=0
(−1)k
(
v−u
k
)( ‖x‖2
1+‖x‖2
)k
,
moreover the function x ∈ Rm → xα(1+‖x‖2)−v−|α|/2 ∈ R is bounded and also the function
h(x) :=
∞
∑
k=0
∣∣∣∣∣xα(1+‖x‖2)−u−|α|/2(−1)k
(
v−u
k
)( ‖x‖2
1+‖x‖2
)k∣∣∣∣∣ .
We separate the proof that the function h is bounded in two cases.
Case 1: When v < u, the function h is bounded because (−1)k(v−u
k
) ≥ 0 for every k ∈ Z+,
|xα(1+ ‖x‖2)−|α|/2| ≤ 1 for every x ∈ Rm and with these inequalities we obtain that h(x) ≤
(1+‖x‖2)−u(1+‖x‖2)u−v = (1+‖x‖2)−v.
Case 2: When v > u, let k0 ∈ Z+ be such such that v−u− k0 ≥ 0 but v−u− k0−1< 0, then
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(−1)k0(−1)k(v−u
k
)≥ 0 for every k> k0, so if hk(x) := (1+‖x‖2)−u(−1)k(v−uk )( ‖x‖21+‖x‖2)k, then
h(x)≤
∞
∑
k=0
|hk(x)|=
k0
∑
k=0
|hk(x)|+(−1)k0
∞
∑
k0+1
hk(x)
=
k0
∑
k=0
|hk(x)|+(−1)k0
[
(1+‖x‖2)−u(1+‖x‖2)u−v−
k0
∑
k=0
hk(x)
]
≤ 2
k0
∑
k=0
|hk(x)|+(1+‖x‖2)−v,
which proves that h is a bounded function because each hk is a bounded function.
In particular, the Lebesgue dominated convergence Theorem implies that
0=
∞
∑
k=0
(−1)k
(
v−u
k
)∫
Rm
xα(1+‖x‖2)−u−|α|/2
( ‖x‖2
1+‖x‖2
)k
dλ (x)
=
∫
Rm
xα(1+‖x‖2)−v−|α|/2dλ (x)
which settles the proof of our claim. Now, consider the algebra of functions onC0(R
m)
A := span{x ∈ Rm → xα(1+‖x‖2)−v−α/2 ∈ R, α ∈ Zm+, v> 0}.
The function h(x) = (1+ ‖x‖2)−1−α/2 ∈ A is such that h(x) > 0 for every x ∈ Rm, also, the
algebra A separates points because if xα(1+ ‖x‖2)−1−α/2 = yα(1+ ‖y‖2)−1−α/2 for every
α ∈ Rm, then we must have that [(x, tx),(y, ty)]Hm = 1, which can only occur if x = y. By the
Stone-Weierstrass Theorem the algebra of functions A is dense on C0(R
m). Since our claim
made at Equation 7.17 implies that for every h ∈ A , we have that ∫
Rm
h(x)dλ (x) = 0, the
measure λ must be the zero measure, which concludes the proof. 
Proof of Theorem 6.1. Since the kernel x,y ∈H×H→ [x,y] ∈ [1,∞) is hyperbolic, log[x,y] is
a conditionally negative definite kernel. If 2 log[x,y] = log[x,x]+ log[y,y], then [x,y] = 1, which
only occur when x= y because dH(x,y) = 0, implying that log[x,y] is a metrizable kernel (note
that the same property occurs on the kernel r log[x,y], for r > 0). Theorem 4.1 implies that the
kernel
(x,y) ∈H×H→ e−r log[x,y] = [x,y]−r ∈ R
is universal (SPD) for every r > 0. 
Proof of Lemma 6.2. Suppose that (i) holds, then for every ε > 0 there exists a compact set
Cε for which [z,ξ0]
−1 ≤ ε for every x ∈ X \CM . By the monotone properties of the func-
tion arccosh this relation is equivalent at for every M > 0 there exists a compact set CM for
which dH (z,ξ0) ≥M for every z ∈ X \CM . Relation (ii) follows by the inequality dH (z,ξ )≥
|dH (z,ξ0)−dH (ξ ,ξ0)|. The converse is immediate
Relations (ii) and (iii) are equivalent by Proposition 2.2.
If (iv) holds, then for every ξ ∈ X and M > 0, the set {x ∈ X , dH(x,ξ )≤M} is bounded and
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closed on X , so it must be compact by the hypothesis implying that the function Hr,ξ ∈C0(X).
The converse relation follows by the same argument as the first one presented, so we omit it. 
Proof of Theorem 6.3 . Since the kernel x,y ∈ X ×X → [x,y] ∈ [1,∞) is hyperbolic, r log[x,y]
is a conditionally negative definite kernel that is metrizable for every r > 0. By the comments
made at the Subsection 6.2, the Hilbertian metric on X defined by the kernel log[·, ·] is equivalent
with the hyperbolic metric of X inherited from H, so Xr log[·,·] is a locally compact space and
Theorem 4.2 implies that the kernel
(x,y) ∈ Xr log[·,·]×Xr log[·,·] → e−r log[x,y] = [x,y]−r ∈ R
is ISPD for every r > 0. The second claim on the Theorem is immediate. 
Theorems 6.4, 6.5 and 6.6 are a direct consequence of the representation L(x,y)−1= e− logL(x,y)
and Theorem 4.1, 4.2 and 4.4 respectively, so we omit the proof.
7.6. Dense algebras of bounded integrable functions on finite measures. On this brief sec-
tion we reprove the main result of [13], but under the assumption that the functions involved
are Borel measurable instead of Baire measurable and the measure is Radon and finite instead
of being σ -finite and Baire.
Theorem 7.10. Let X be a locally compact Hausdorff space and λ ∈ M (X) be a nonzero
nonnegative measure. Let A be an algebra of real valued functions in L1(λ ) for which
(i) Every h ∈A belongs to L∞(X).
(ii) There exists h ∈A for which h(x)> 0 almost everywhere on λ .
(iii) There exists a basis (Ui)i∈I for the topology on X such that if Ui∩U j = /0 then for some
hi, j ∈A , hi, j(x)≥ 0 for x ∈Ui and hi, j(x)≤ 0 for x ∈U j.
Then the algebra A is dense on L1(λ )
Proof. Relation (i) ensures that products of functions in A are elements of L1(λ ) by the
Holder’s inequality, which also implies that A is an algebra on L1(λ )
We show that A is dense in L1(λ ) by showing that any continuous linear operator on L1(λ )
that is zero on A is the zero operator. Indeed, let I : L1(λ )→ R be a continuous operator that
is zero on A . Since λ is finite there exists a function ζ ∈ L∞(λ ) for which
I(g) =
∫
X
g(x)ζ (x)dλ (x) =
∫
X
g(x)ζ+(x)dλ (x)−
∫
X
g(x)ζ−(x)dλ (x).
From this approach, we can assume that A is a closed vector space. By a similar argument as
the one in Lemma 4.48 in [15] page 140, if φ ,ψ ∈A then min(ψ,φ), max(ψ,φ), ψ+ and ψ−
belongs to A .
We claim that the sets X+ := {x ∈ X , ζ (x) > 0} and X− := {x ∈ X , ζ (x) < 0} have λ
measure zero, which imply that I is the zero functional. By the previous equality, it is sufficient
to prove that X+ has λ measure zero.
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By the inner regularity of λ on the sets X+,X−, there exist two disjoint sequences of nested
compact sets (C+,n)n∈N, (C−,n)n∈N, for which
C+,n ⊂ X+, lim
n→∞λ (C+,n) = λ (X
+), C−,n ⊂ X−, lim
n→∞λ (C−,n) = λ (X
−).
Since X is a Hausdorff space and the compact setsC+,n and C−,n are disjoint there exists disjoint
open sets that separates them. Being the family of sets (Ui)i∈I from relation (iii) a basis for the
topology on X , for every n ∈ N there exist finite sets F1,n,F2,n ⊂I such that
C+,n ⊂
⋃
i∈F1,n
Ui, C−,n ⊂
⋃
j∈F2,n
U j
andUi∩U j = /0 if i ∈ F1,n and j ∈ F2,n. The function hn :=maxi∈Fi,n(min j∈F2,n hi, j(x)) ∈A and
hn(x)≤ 0 on C−,n and hn(x)> 0 on C+,n.
Since (min(hn,h))
+ ∈A , we can suppose that 0≤ hn≤ h, h(x)> 0 inC+,n and h(x)= 0 inC−,n.
The function k := supn∈N hn is well defined and is an element of A , because the supremum over
the set {1, . . . ,m} is an increasing sequence of functions (bounded by h) in A and converges to
k in L1(λ ) as m goes to infinity by the Lebesgue Dominated Convergence Theorem.
Note that k > 0 almost everywhere on X+ and k = 0 almost everywhere on X−, however
0= I(k) =
∫
X
k(x)ζ+(x)dλ (x)−
∫
X
k(x)ζ−(x)dλ (x) =
∫
X
k(x)ζ+(x)dλ (x),
and kζ+ ≥ 0, so kζ+ is the zero function on L1(λ ), which can only occur if λ (X+) = 0. 
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